SrTiO3 is a unique example of a system which exhibits both quantum paraelectricity and superconductivity. Thus, it is expected that the superconducting state is closely related to the intrinsic ferroelectric instability. Indeed, recent experiments suggest the existence of a coexistent phase of superconductivity and ferroelectricity in Ca-substituted SrTiO3. In this paper, we propose that SrTiO3 can be a platform of the ferroelectric superconductivity, which is characterized by a ferroelectric transition in the superconducting state. By analyzing a multiorbital model for t2g electrons, we show that the ferroelectric superconductivity is stabilized through two different mechanisms which rely on the presence of the spin-orbit coupling. First, the ferroelectric superconducting state is stabilized in the dilute carrier density regime due to a ferroelectricity-induced Lifshitz transition. Second, it is stabilized under a magnetic field independent of the carrier density. The importance of the multiorbital or multiband nature for the ferroelectric superconductivity is clarified. Then, we predict a topological Weyl superconducting state in the ferroelectric superconducting phase of SrTiO3.
SrTiO3 is a unique example of a system which exhibits both quantum paraelectricity and superconductivity. Thus, it is expected that the superconducting state is closely related to the intrinsic ferroelectric instability. Indeed, recent experiments suggest the existence of a coexistent phase of superconductivity and ferroelectricity in Ca-substituted SrTiO3. In this paper, we propose that SrTiO3 can be a platform of the ferroelectric superconductivity, which is characterized by a ferroelectric transition in the superconducting state. By analyzing a multiorbital model for t2g electrons, we show that the ferroelectric superconductivity is stabilized through two different mechanisms which rely on the presence of the spin-orbit coupling. First, the ferroelectric superconducting state is stabilized in the dilute carrier density regime due to a ferroelectricity-induced Lifshitz transition. Second, it is stabilized under a magnetic field independent of the carrier density. The importance of the multiorbital or multiband nature for the ferroelectric superconductivity is clarified. Then, we predict a topological Weyl superconducting state in the ferroelectric superconducting phase of SrTiO3.
The origin of the superconductivity in SrTiO 3 (STO) has remained to be a long standing problem of the condensed matter physics for more than half a century. The superconductivity in doped STO begins to emerge at an extraordinary low carrier density on the order of 10 17 cm −3 [1, 2], where the Fermi energy ǫ F is smaller than the characteristic phonon energy ω D . Therefore, conventional BCS or Migdal-Eliashberg theories are invalid for this superconducting state since the retardation condition (ǫ F ≫ ω D ) is not satisfied. To reveal the origin of the dilute superconducting state, various pairing glues have been proposed theoretically, e.g., plasmons [3, 4] , localized longitudinal optical phonons [5] , and soft transverse optical phonons [6] [7] [8] [9] [10] . However, there is still no consensus about the pairing mechanism in STO.
Recently, the superconductivity in STO receives extensive attention also in terms of the ferroelectric (FE) quantum criticality. STO is a quantum paraelectric (PE) [11] which exists in the vicinity of the FE quantum critical point [12] . The avoided FE ordering can be activated by some chemical or physical operations, e.g., isovalent substitution of Sr with Ca [13] [1, 17, 18] thanks to the quantum paraelectricity and resulting long effective Bohr radius [19] . Thus, it is naturally considered that the dilute superconductivity and the FE quantum criticality are closely related. Indeed, enhancement of the superconducting transition temperature T c by a FE quantum fluctuation was proposed theoretically [6] , and later confirmed experimentally [20] [21] [22] [23] . Furthermore, a phase transition structurally indistinguishable from the FE phase transition was observed in metallic Sr 1−x Ca x TiO 3−δ [21] similarly * kanasugi.shouta.62w@st.kyoto-u.ac.jp to a FE metal LiOsO 3 [24] . This experimental observation suggests existence of the superconducting phase which coexists with the ferroelectricity. Therefore, STO is a candidate of a FE superconductor in which FE-like phase transition occurs in the superconducting state.
Another extensively debated issue about the superconducting STO is its multiband nature. Early tunneling measurements on doped STO observed two peaks in the local density of states (DOS) [25] which implies the multiple superconducting gaps. This result is supported by recent quantum oscillation measurements [2] and thermal conductivity data [26] . Thus, it has been suggested that STO is a multiband superconductor with multiple nodeless gaps, and the multiband effect has been theoretically discussed [27] [28] [29] . In contrast, recent tunneling experiments [30] and optical conductivity data [31] indicate only single superconducting gap.
Although multiband nature in the superconducting STO is still under debate, it is certainly true that the superconducting state has multiorbital features. The conduction bands in STO originate from three Ti t 2g orbitals. Three-fold degeneracy of the t 2g orbitals is lifted by the spin-orbit coupling and the tetragonal crystal field due to antiferrodistortive (AFD) rotation of TiO 6 octahedra below 105 K [32] . Thus, STO has three distinct bands all centered at the Γ-point and constructed from multiple orbitals [ Fig. 1] . Therefore, the multiorbital features may affect superconductivity even in the dilute carrier density regime with single Fermi surface. Consequently, the superconductivity in doped STO has multiorbital character regardless of the carrier density.
Considering all the unique aspects of the superconducting STO, in this paper, we show that STO can be a platform of the FE superconductivity through two different mechanisms that rely on the antisymmetric spin-orbit coupling (ASOC). First mechanism originates from the ferroelectricity-induced Lifshitz transition in dilute carrier density regimes. Another one is the magnetic-field-induced FE superconductivity caused by spin-momentum locking in the FE phase. It is shown that, in both mechanisms, the FE superconductivity is strongly influenced by the multiorbital or multiband nature of STO. In particular, we predict a Weyl FE superconducting state arising from the multiorbital effect.
The three distinct bands in STO are reproduced by the following tight-binding Hamiltonian [33] :
where c k,lσ is the annihilation operator for an electron with momentum k, orbital l = yz, xz, xy, and spin σ =↑, ↓. The first term is the kinetic energy with the single electron energy ξ l (k). The second and third terms express the tetragonal crystal field for AFD transition and LS coupling of Ti ions, respectively. The model parameters are determined based on the first principles calculations [33] [34] [35] [36] . Then, we discuss effects of the ferroelectricity on the electronic structure. Since the electric polarization is not well defined in metallic or superconducting states, we define the ferroelectricity in conducting systems as a spontaneous nonpolar-to-polar inversion symmetry breaking. This FE transition is realized by opposite displacement of Sr/Ti cation and O anion, and thus the crystal symmetry descends to one of polar space groups. Although STO has two FE modes parallel and perpendicular to the AFD rotation axis [37], we only consider the former for simplicity. Thus, the crystallographic space group of tetragonal STO descends to I4cm (C axis [38] . In this mirror symmetry broken FE phase, an orbital hybridization term
is induced in addition to H 0 [35] . Here, ζ yz,xz (k) = 2iγ sin k x,y . Equation (2) describes the intersite hybridization between d xy and d yz,xz orbitals, which have different mirror parity along the [001] axis. Since this orbital parity mixing is considered to be enhanced under a large polar crystal field [35], we assume that the odd-parity hopping integral γ is proportional to the polar lattice displacement P , i.e., γ ∝ P . Hence, we treat γ as an order parameter which characterizes the ferroelectricity in STO.
Combination of H pol and the LS coupling leads to the Rashba ASOC [33, 36, 39] , and thus spin-orbit splitting in the band structure is induced in the FE phase. Figure  1 shows that the magnitude of the spin-orbit splitting is strongly band dependent. The spin-orbit splitting of the lowest band is large along k [100], wheres that of the middle and upper bands is large along k [110]. This unconventional band-dependent Rashba ASOC is a consequence of the multiorbital effect. Its origin is explained by combined analysis of the perturbation expansion for the LS coupling and the basis transformation to the total angular momentum space [33] .
Although the origin of superconductivity in STO is unclear, thermodynamic properties such as the specific heat jump [26] are in good agreement with the BCS theory. Therefore, we investigate the superconductivity within the mean-field theory. By assuming the s-wave and orbital-independent intraorbital pairing interaction, the superconductivity is discussed by solving the simultaneous gap equations [33]
where V s > 0 is the interaction strength and N is the number of Ti sites. V s is determined to satisfy T c ≪ E SO , where E SO is a typical energy of the spin-orbit splitting. This condition is reasonable in STO since the superconducting transition temperature is extremely small, i.e., about 0.3 K. Then, the effect of the Rashba splitting in the FE phase is reflected to the superconductivity. In addition, we introduce the Zeeman couping
to discuss the magnetic response of the superconducting state. Since the orbital depairing effect can be suppressed in the dilute superconducting state with tiny ǫ F , we only take into account the Pauli depairing effect. Indeed, the upper critical field exceeding the Pauli limit has been observed in Sr In addition, we include the free energy arising from the polar lattice distortion
Here, κ 2 , κ 4 , and κ 6 are lattice parameters which describe the elasticity of the lattice. The thermodynamically stable state is determined by minimizing the total free energy
with respect to ∆ and P . The FE superconducting state is realized when both ∆ and P have finite values. Here, we adopt a value of κ 2 to realize a PE normal state near a FE transition point. This condition expresses quantum PEs. The lattice parameters κ 4 and κ 6 are introduced to cutoff the FE order parameter γ ∝ P in realistic regime. The cutoff value of γ is estimated based on the first principles calculation [33, 36] . Then, we elucidate the feasibility of a FE transition caused by the superconductivity. Figure 2 shows the magnetic field versus temperature phase diagrams in three different carrier density regimes which are distinguished by the number of Fermi surfaces [see Fig. 3(a) ]. In the single-band regime where the Fermi surface is composed of only the lower band, the FE superconducting state is stabilized at zero magnetic field [ Fig.  2(a) ]. This is a consequence of a Lifshitz transition induced by the ferroelectricity. Upon decreasing the carrier density in the FE phase, the Fermi energy becomes lower than the crossing point of the spin-orbit split bands at the Γ-point [see Fig. 1 ], and thus the topology of Fermi surfaces is changed in stages. These Lifshitz transitions enhance the DOS due to an effective reduction of dimensionality [42] . Therefore, the Lifshitz transition stabilizes the FE superconducting state [41] . However, the effect of the Lifshitz transitions of the middle or upper band does not realize the zero field FE superconductivity. This is because the lower band with the largest Fermi surface mainly stabilizes the superconductivity even in the twoor three-band regime, and thus the contribution of the middle or upper band is negligible. This is a consequence of the multiband nature of STO. The zero field FE superconductivity is possible only in the dilute region where the Lifhisitz transition of the lower band can be induced by the ferroelectricity.
Irrespective of the carrier density, the FE superconducting state is stabilized under the magnetic field, despite an absence of the zero field FE superconducting phase in the two-or three-band regime [Figs. 2(b) and 2(c)]. This magnetic-field-induced FE superconductivity originates from the anomalous Pauli depairing effect in noncentrosymmetric superconductors [43] [44] [45] [46] [47] . In Rashba superconductors, the Pauli depairing effect is suppressed under a magnetic field parallel to the polar axis. This is because the BCS-type Cooper pairing is possible even under the magnetic field thanks to the Rashba-type spinmomentum locking. To avoid the Pauli depairing effect superconductivity induces the FE order giving rise to the Rashba ASOC, and then the upper critical field is enhanced compared to the PE state.
In particular, the enhancement of the upper critical field is remarkable in the single-band regime [ Fig. 2 (a)]; µ B H/T c ∼ 5.5 far exceeds the Pauli limit ∼ 1.25. This is owing to the Lifshitz transition and the multiorbital effect. In this carrier density, the free energy is minimized at a large value of γ so that the Lifshitz transition of the lower band occurs. Consequently, the first-order FE transition occurs at the same time as the superconducting transition. In addition, the spin-orbit splitting of the lower band particularly becomes large around the Γ-point thanks to the multiorbital effect [see Fig. 3 (b) and derivation of the Rashba ASOC in Supplemental Material [33] ]. This is in contrast to conventional single-orbital Rashba model which shows small spin-orbit splitting near the Γ-point. Therefore, the Rashba spin-orbit splitting on Fermi surfaces is large, and the Pauli depairing effect is strongly suppressed. On the other hand, the γ and resulting spin-orbit splitting are small in a higher carrier density regime, and thus the upper critical field is not significantly enhanced [Figs. 2(b) and 2(c)].
As a consequence of the drastically enhanced upper critical field, the dilute superconducting state in STO may realize a topological Weyl superconductor. In a twodimensional Rashba superconductor, a gapped topological superconducting state in class D can be realized under a perpendicular magnetic field [48, 49] . In our three dimensional case, a Weyl superconducting state, which is characterized by topologically-protected Weyl nodes, is realized in the FE phase for a wide range of the magnetic field along the polar axis. We identify Weyl nodes by calculating k z -dependent Chern number,
on a two-dimensional k x -k y plane [50] [51] [52] . The Berry flux F a (k) is defined as
where the wave function of a Bogoliubov quasiparticle with energy E m (k) is denoted as |u m (k) . Since a jump in ν(k z ) is equivalent to the sum of Weyl charges at k z , we can detect Weyl charges by counting point nodes and comparing it with the jump. As shown in Fig These four pairs of Weyl nodes arise as a consequence of the anisotropic Fermi surfaces due to the multiorbital effect. Therefore, a Weyl superconducting state with Chern number ν(k z ) = (+1) × 1 + (−1) × 4 = −3 is obtained. Thus, multiorbital nature of STO leads to topological property distinct from the single-orbital topological Rashba superconductor with Chern number ν = ±1 [48, 49] . It gives rise to three Majorana arcs in the surface state, and the zero-field thermal conductivity κ ′ xy ∼ T dk z ν(k z ) [53] in STO should be larger than that in the single-orbital Rashba model.
In summary, we have studied an interplay of FE order and superconductivity in STO. In particular, we have proposed that the FE superconductivity is realized in STO near a FE transition point. The superconductivity triggers the coexisting FE order. A key ingredient is the Rashba ASOC in the FE phase. By analyzing the realistic three-orbital model, we showed that the zero field FE superconductivity is stabilized only in the dilute regime where the Lifshitz transition of the lower band can be induced by the ferroelectricity. This result is consistent with the experimental observation in Sr 1−x Ca x TiO 3−δ [21] , which indicates the FE superconducting phase only in a dilute carrier density regime. Furthermore, we revealed that the FE superconducting state is stabilized under a magnetic field independent of the number of Fermi surfaces. This magnetic-field-induced phase appears because of the suppression of the Pauli depairing effect thanks to the Rashba-type spin-momentum locking. Consequently, the upper critical field is enhanced by the FE transition. The upper critical field is particularly large in the dilute carrier density regime, because the multiorbital effect leads to a large spin-orbit splitting distinct from the conventional Rashba model. Furthermore, the high magnetic field region of dilute superconducting STO is identified as a Weyl superconducting state. This topological phase transition is realized as a result of the multiorbital effect and Lifshitz transition, in sharp contrast to the two-dimensional single-orbital model where the FE topological superconductivity is unstable [41] .
The results of this paper suggest a tunable crystal 
S1. THREE-ORBITAL MODEL FOR STRONTIUM TITANATE
Here, we introduce a three-orbital tight-binding model describing the electronic structure of bulk SrTiO 3 (STO). Although STO is a cubic crystal at high temperatures, the low temperature phase is tetragonal owing to the antiferrodistortive (AFD) transition. The three-fold degeneracy of the t 2g orbitals at the Γ-point is lifted by the spin-orbit coupling and the tetragonal crystal field for the AFD transition. Therefore, the three distinct band structure is formed in tetragonal STO, and it is reproduced by the following model:
where c k,lσ is the annihilation operator for an electron with momentum k, orbital l = yz, xz, xy, and spin σ =↑, ↓.
The first term H kin is the kinetic-energy term of t 2g orbitals including the chemical potential µ. The single electron kinetic energy ε l (k) are described as
The second term H AFD expresses the tetragonal crystal field for the AFD transition, which lifts the energy of the d xy orbital. The third term H LS represents the LS coupling of Ti ions. Although the intersite hybridization term has been generally considered for perovskite oxides [S1] in addition to the above three terms, first-principles band calculations have shown that it is negligible in the bulk STO [S2, S3, S4]. The band structure of tetragonal STO is reproduced by H kin , H AFD , and H LS with the parameter set listed in Table S1 . In addition, we introduce the odd-parity hybridization term
to describe the effect of the polar inversion symmetry breaking due to ferroelectricity along the [001] axis. Here, ζ yz,xz (k) = 2iγ sin k x,y . To study the superconductivity in STO, we consider an attractive interaction as follows:
where N is the number of Ti sites, and q is the center-of-mass momentum of Cooper pairs. Since the s-wave superconductivity in STO has been confirmed [S5], we assume momentum-independent intraorbital pairing interaction V
Here, we neglect the interorbital pairing because the interorbital interaction is generally weak. Furthermore, we ignore the parity mixing of Cooper pairs in the ferroelectric (FE) phase, since the stability of FE superconductivity is hardly affected by an induced p-wave component.
The impact of the applied magnetic field is included as the Zeeman coupling term,
where σ is the Pauli matrix and µ B is the Bohr magneton. In the superconducting STO, the superfluid density n s is small [S6] , and hence the penetration depth λ L ∝ n −1/2 s is large. Thus, STO is a superconductor near type-II limit with κ ≫ 1, where κ is the Ginzburg-Landau parameter. Therefore, it is justified to assume a uniform magnetic field in the bulk superconducting STO. It would be desirable to include the gauge interaction with the vector potential in addition to the Zeeman coupling term H Z . The importance of the orbital depairing effect is determined by the Maki parameter α M ∝ ∆/ǫ F , where ∆ is the superconducting gap and ǫ F is the Fermi energy. When α M > 1, the orbital depairing effect is suppressed and the superconducting state is destroyed mainly due to the Pauli depairing effect. In the superconducting STO, ǫ F is extremely small and hence α M can be large. Thus, we assume that the orbital depairing effect is not qualitatively important in the dilute superconducting STO. Indeed, the upper critical field exceeding the Pauli limit in Sr 1−x Nd x TiO 3 [S7] indicates the strong impact of the Pauli depairing effect on the superconducting STO.
S2. MEAN-FIELD THEORY FOR SUPERCONDUCTIVITY
We investigate the superconductivity in STO by means of the mean-field theory. In the following discussion, we fix q = 0 since Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) superconductivity with finite q is not stabilized in our model when the magnetic field is applied along the polar axis. The pairing interaction H pair is approximated as
by introducing the orbital-dependent superconducting order parameters,
To describe the total Hamiltonian H = H 0 + H pol + H Z + H pair in a matrix form, we define the vector operator as follows:
Then, we obtain the mean-field Hamiltonian in the matrix form
The Bogoliubov-de Gennes (BdG) HamiltonianĤ BdG (k) is described aŝ
by using the normal state part
and the pairing part∆
Here, we abbreviate as
Then, we carry out the Bogoliubov transformation as follows:
Thus, Eq. (S13) is rewritten as
where f [E] is the Fermi-Dirac distribution function and E ντ (k) is the energy of a Bogoliubov quasiparticle with momentum k, pseudoorbital ν = yz, xz, xy, and pseudospin τ =↑, ↓. Equations (S22) are the simultaneous gap equations to be solved numerically. In the Bogoliubov quasiparticle picture, the total Hamiltonian is described as
Therefore, the free energy per Ti site is obtained as
where β = 1/T is the inverse temperature. The last term of Eq. (S24) is necessary since the carrier density of the system is fixed as n. Using ∆ yz , ∆ xz , ∆ xy obtained by solving Eqs. (S22), we calculate the electronic part of the free energy F ele [∆, P ] from Eq. (S24).
S3. LATTICE POLARIZATION AND FERROELECTRIC INSTABILITY
In order to discuss the stability of the FE order, we take into account the free energy arising from the polar lattice distortion as follows:
where κ 2 , κ 4 , and κ 6 are the lattice parameters which describe the elasticity of the lattice.
The total free energy including the contributions of both electrons and lattice is given by
The thermodynamically stable state is determined by minimizing the free energy F [∆, P ] with respect to ∆ and P . All the κ 2 , κ 4 , and κ 6 are phenomenological parameters and assumed as follows. The choice of κ 4 and κ 6 hardly alters the results of this paper. The lattice parameters κ 4 and κ 6 are introduced to cut off the value of the obtained FE order parameter P ∝ γ in a realistic regime. In this study, we set κ 4 and κ 6 to satisfy γ/t 1 0.20 in agreement with the first principles calculation of γ at the SrTiO 3 /LaAlO 3 interface [S4] . The value of κ 2 is determined so as to realize a paraelectric (PE) normal state near a FE phase transition point. The temperature dependence of the lattice parameters is ignored, consistent with the fact that the dielectric constant is almost temperature-independent in the quantum PE STO [S8] . 
S4. MULTIPLE LIFSHITZ TRANSITIONS AND SUPERCONDUCTIVITY
In this section, we discuss the ferroelectricity-induced Lifshitz transition and its effect on superconductivity in details. Figure S1 shows the density of states (DOS) at the Fermi energy ρ(0) as a function of γ. In the single-band regime (n =5.0×10 −5 ), ρ(0) is maximized at the Lifshitz transition point of the lowest band γ = γ c1 [ Fig. S1(a) ], thanks to the effective reduction of the dimensionality [S9] . Consequently, the superconductivity is enhanced at the Lifshitz transition point γ c1 as shown in Fig. S2(a) . This enhanced superconductivity is the origin of the zero field FE superconductivity in the dilute region. Figure S3(b) shows the γ ∝ P dependence of the FE superconducting condensation energy δF [∆, P ] = F [∆, P ] − F [0, 0] for various values of the cutoff lattice parameter κ 6 . We see that the stabilization condition of the FE superconducting sate, i.e., δF [∆, P ] < δF [∆, 0] < 0, is satisfied in a wide range of lattice parameters, although the normal state is PE [see Fig. S3(a) ]. This means that the FE superconductivity is stable at zero magnetic field in the dilute region. Furthermore, the large condensation energy |δF [∆, P ]| is one of the origins of the large upper critical field in the dilute region.
Next, we discuss the effects of Lifshitz transitions of the middle and upper bands. When the Fermi energy in the PE phase is slightly higher than the bottom of the bands, the Lifshitz transition is induced by the ferroelectricity. However, we see that these Lifshitz transitions are not significantly reflected in the total DOS ρ(0) 
S1(c)]
. Although the partial DOS for the middle or upper band is enhanced as approaching to the Lifshitz transitions, the contribution of the partial DOS is very small compared to that of the lower band. Therefore, the total DOS ρ(0) is not drastically enhanced by these Lifshitz transitions, and hence the FE superconducting state is hardly stabilized at zero magnetic field in relatively high carrier density two-or three-band regimes.
S5. MULTIORBITAL EFFECT FOR RASHBA SPIN-ORBIT SPLITTING
Here, we investigate the multiorbital effect for the Rashba spin-orbit splitting in the FE STO. We elucidate the nature of the Rashba antisymmetric spin-orbit coupling (ASOC) by calculating the energy spectrum in the normal state
In the presence of the inversion symmetry (γ = 0), the two-fold degeneracy holds as E 1 (k) = E 2 (k), E 3 (k) = E 4 (k), and E 5 (k) = E 6 (k). On the other hand, Rashba-type spin-orbit splitting is induced by the polar inversion symmetry breaking (γ = 0) as E 1 (k) < E 2 (k), E 3 (k) < E 4 (k), and E 5 (k) < E 6 (k) except at the time-reversal invariant momentum. Figures S4(a) , S4(b) and S4(c) show the magnitude of the spin-orbit splitting δE α (k) = E 2α (k) − E 2α−1 (k) (α = 1, 2, 3) and the direction of the g-vector g α (k) = δE α (k)S α (k) for each Rashba split bands at k z = 0. Note that the lower, middle, and upper bands are denoted by α = 1, 2, and 3, respectively. 
Spin direction of each Rashba split bands is calculated by taking the average
for the wave function of the α-th band. We see that the k-dependence of the Rashba spin-orbit splitting in STO is completely different from that of the conventional Rashba ASOC with g(k) = (sin k y , − sin k x , 0) [ Fig. S4(d) ]. The spin-orbit splitting in the lower band is large at k slightly away from the Γ-M line, whereas that in the middle or upper band is large at k slightly away from the Γ-X line. In particular, the spin-orbit splitting in the lower band is maximized near the Γ-point where the spin-orbit splitting of the conventional Rashba ASOC is tiny. Moreover, the g-vectors of the lower and middle bands are almost parallel to the [100] or [010] axis, and rapidly rotates by π/2 at the Γ-M line. In the following discussion, we clarify the origin of this unconventional Rashba ASOC by deriving the effective Hamiltonian from two approaches.
A. Perturbation analysis for LS coupling
First, we carry out the perturbation analysis for the LS coupling λ and the odd-parity hybridization γ. This analysis is valid when λ is much smaller than other energy scales such as the band-width. As a result of the first-order perturbation expansion for λ, we obtain a new k-dependent basis as follows:
where
is the wave function of the local t 2g orbitals and
Then, we carry out the k-dependent basis transformation for H 0 + H pol from the local t 2g orbital space |t 2g , σ to the renormalized t 2g orbital space |k, t 2g , σ λ . In addition, we perform a block diagonalization for up and down pseudospin sectors to derive the effective ASOC. Finally, we neglect the interorbital component since the orbital hybridizations by λ and γ are assumed to be small. Thus, in the case of a weak spin-orbit coupling, the effective Hamiltonian is described asH
Here, the renormalized energy dispersion ε L α (k) and the effective g-vector g L α (k) are obtained as follows:
(a) Lower Band Figure S5 shows the k-dependence of the effective g-vector g L α (k) for each Rashba split bands at k z = 0. We see that the unconventional Rashba spin-orbit splitting in the bulk STO [ Fig. S4 ] is well reproduced by the above perturbation analysis.
According to Eqs. (S37), (S38), and (S39), the multiorbital effect is reflected in the ASOC through the energy difference δε ll ′ (k) in two ways. One is the denominators, i.e., δε xy−yz (k) + ∆ T and δε xy−xz (k) + ∆ T , and the other is the numerator, i.e., 1 ± sgn[δε xz−yz (k)]. The origin of the unconventional Rashba splitting in the upper band δE 3 (k) is explained by the former multiorbital effect in the denominator of Eq. (S39) [S1] The unconventional Rashba splitting in the lower and middle bands are explained by the combination of two multiorbital effects represented by the denominator and numerator of Eqs. (S37) and (S38). Since the denominators of Eqs. (S37) and (S38) are the same as those of Eq. (S39), the Rashba splitting different from that of the upper band originates from the numerator 1 ± sgn[δε xz−yz (k)]. The k-dependence of 1 ± sgn[δε xz−yz (k)] at k z = 0 is described as follows: Figure S5 (a) also shows that the spin-orbit splitting is maximized near the Γ-point, and rapidly decreases by increasing the distance from the Γ-point. From similar discussions we understand that g 
B. Total angular momentum description
Although the above perturbation analysis for the LS coupling reproduces many features of unconventional Rashba spin-orbit splitting in STO, it is not valid in the vicinity of the Γ-point. In particular, the disappearance of the spin-orbit splitting in the lower band near the Γ-point [ Fig. S4(a) ] is not reproduced by the perturbation analysis [ Fig. S5(a) ]. This is because the wave function is appropriately labeled by the total angular momentum J = L + S and the perturbation analysis breaks down. Therefore, it is desirable to derive the effective ASOC in the total angular momentum description. Generally speaking, the following analysis is valid for the strong spin-orbit coupling compared to other energy scales such as the band-width. Actually, we will see that it is valid only near the Γ-point. effect. Unlike the conventional Rashba effect, the Rashba splitting in the lower band is maximized near the Γ-point [ Fig. S4(a) ]. Thus, it is implied that the Pauli depairing effect in a dilute superconducting state with a tiny Fermi surface should be strongly suppressed compared to the case of a conventional Rashba superconductor. To test the above expectation, we introduce a simple Hamiltonian with conventional Rashba ASOC as follows:
where the g-vector is assumed as g(k) = (sin k y , − sin k x , 0) and diagonal in the orbital space. Based on the perturbation analysis for the LS coupling [see Eq. (S37)], we assume α = 2λγ/t 1 in the following discussion. Here, we compare this model with our three-orbital model for STO to illuminate the multiorbital effect which is appropriately taken into account in the latter. Figure S7 (a) shows the temperature dependence of the upper critical field µ B H c2 in the dilute single-band regime (n = 5.0 × 10 −5 ). The magnetic field is applied along the polar [001] axis. In both models, the upper critical field of the noncentrosymmetric superconductivity with Rashba splitting (green solid line and purple dashed line) is enhanced compared to that of the centrosymmetric superconductivity without ASOC (gray dotted line). This is because the Pauli depairing effect is suppressed under the magnetic field parallel to the polar axis thanks to the Rashba-type spin-momentum locking [S10] . In addition, we see that the upper critical field of the three-orbital model for STO [Eq. (S1)] is larger than that of the simple Rashba model [Eq. (S53)]. The origin of this enhanced upper critical field can be attributed to the Fermi surface anisotropy and large spin-orbit splitting. As shown in Figs. S7(b) and S7(c), the Fermi surfaces of the lower band have d x 2 −y 2 like anisotropic k-dependence. On the other hand, the unconventional Rashba ASOC in the three-orbital model induces a large spin-orbit splitting in the lower band particularly along k [100]. Furthermore, the magnitude of the spin-orbit splitting is maximized near the Γ-point, where the Fermi surfaces in the dilute region are located [ Fig. S7(b) ]. Therefore, the upper critical field of the dilute superconducting state with γ = 0 is drastically enhanced thanks to the strong spin-momentum locking on the Fermi surface. In contrast, the conventional Rashba ASOC induces a tiny spin-orbit splitting around the Γ-point as shown in Fig. S7(c) . There is no cooperative correlation between the Fermi surface anisotropy and the spin-momentum locking in the case of the simple Rashba model. Thus, the enhancement of the upper critical field by spin-orbit splitting is less pronounced than that in the three-orbital model.
